An empirical relation indicates that an increase of living standard decreases the Total Fertility Rate (TFR), but this trend was broken in highly developed countries in 2005. The reversal of the TFR was associated with the continuous economic and social development expressed by the Human Development Index (HDI). We have investigated how universal and persistent the TFR reversal is. The results show that in highly developed countries, HDI > 0.85, the TFR and the HDI are not correlated in 2010-2014. Detailed analyses of correlations and differences of the TFR and the HDI indicate a decrease of the TFR if the HDI increases in this period. However, we found that a reversal of the TFR as a consequence of economic development started at medium levels of the HDI, i.e. 0.575 < HDI < 0.85, in many countries. Our results show a transient nature of the TFR reversal in highly developed countries in 2010-2014 and a relative stable trend of the TFR increase in medium developed countries in longer time periods. We believe that knowledge of the fundamental nature of the TFR is very important for the survival of medium and highly developed societies.
I. INTRODUCTION
During the last decades, family life changed dramatically throughout the western world. These changes are generally associated with the demographic transition [1] . Despite efforts to understand the transition, we still lack clear comprehension [2] .
Population projections are notoriously imprecise [3] [4] [5] [6] [7] [8] . To understand the fundamental sources of this uncertainty it is useful to perceive the Total Fertility Rate (TFR) as a biological phenomenon [3] . Goodhart [3] warned that ignoring the biological nature of fertility and population growth could cause serious issues. Diversity of the TFR decline in developing and developed countries [9] clearly shows that these warnings [3] are justifiable. This is one of the reasons why we consider natural means of population [3] to be the most important phenomenon to understand the TFR time series.
In highly developed countries, the long-term declines of their TFRs have changed, and a new phenomenon, called TFR reversal, has been found and linked to continuous economic and social development [9] . The phenomenon gave rise to a certain optimism [10] [11] [12] that has persisted until now. However, the development of the TFR after 2005, and specifically in the period of 2010-2014, shows no continuous evidence of the TFR reversal in highly developed countries.
In this study, the population is considered to be a living system [13] that interacts with the environment [14] and can be classified as a complex system [15] . In such a system, interactions among its parts [16] and environment could give rise to a broad spectrum of phenomena [17] for example, the demographic transition [1] , Lutz's assumption [18] that countries with low fertility TFR < 1.5 may have crossed into permanent negative population growth, difficulties to project the TFR [5, 12] , and etc.
Study of complex systems needs an interdisciplinary approach, where mathematical and physical methods are successfully used to understand phenomena like network formation, diffusion, collective behaviour, synchronization, phase transitions, chaotic behaviour, self-regulation, pattern formation, self-assembling, etc [15, 17] . In the past, we invented and described fundamental properties of the digital generator of chaos [19] , where an initial idea was to solve a nonlinear Feigenbaum equation on the lattice. Later, a similar approach was successfully used to study the chaotic dynamics of experimental populations [20] . In Ref. [20] the authors suggested that such lattice effects could be an important component of natural population fluctuations because plants, animals and humans are counted in discrete units.
A study of the relationship between the Human Development Index (HDI) and the TFR provides important information to propose a population model that will take into account impacts of economic regulations and political changes on individual woman's decision to plan a life path, as well as family size [17] .
II. DATA AND METHODS
The TFR [21] is an average number of children that would be born to a woman over her lifetime. The HDI [22] is a summary measure of the average achievements in key dimensions of human development: a long and healthy life, being educated and having a decent standard of living. The HDI is a geometric mean of normalized indices for each of the three dimensions [22] .
Time series of the TFR and HDI were downloaded from the portals of the World Bank [21] and the United Nations Development Programme [22] . We have analysed public data on HDI [22] , i.e no HDI coefficients have been recalculated from the indices that HDI depends on. A disadvantage of this approach is that time series are short, however, it ensures a straightforward reproduction of the results.
Spearman's rank correlation coefficients ρ were calculated to test for correlations between the TFR and the HDI [9] in 1980, 1990, 1995, 2000, 2005, and 2010-2014 . The coefficients were determined in intervals of the HDI: 0.0 ≤ HDI ≤ 0.85, and 0.85 ≤ HDI ≤ 1.0 to verify the correlations [9] previously reported. They were also computed in additional intervals: 0.7 ≤ HDI ≤ 0.85, and 0.7 ≤ HDI ≤ 1.0. The rank correlation coefficients ρ are shown in Table  I . Open source software and libraries (Python and Scipy) were used to compute the values of ρ and the statistical significance P shown in Table I .
We have analysed short-(
dT F R dt , ∆HDI i , ∆TFR i ) and long-term (∆HDI L and ∆TFR L ) changes of the HDI and the TFR (note that the t is time and i is an index that will be defined in the next section). Figure 1 . These data were used to identify significant intervals of the HDI in which to test the correlation between the HDI and the TFR. Spearman's rank coefficients for these data are shown in Table I . In highly developed countries, HDI ≥ 0.85, the TFR and the HDI were correlated in 2005 with the rank correlation coefficient ρ > 0 (Table I) , which indicated the TFR reversal [9] . However, the coefficients ρ in Table I show that before and after the year 2005, the TFR and the HDI were not correlated in these countries.
We found a new correlation interval, 0.7 ≤ HDI ≤ 1.0, with ρ < 0, that emerged in 2005 and has persisted until 2014. The TFR and the HDI are also correlated in the interval HDI < 0.85 with the coefficients ρ < 0.
In 2014, the TFR in highly developed countries (Table II) is higher than the TFR in reference years (Table S2 in Supplementary Material [9] ), which is a signature of the TFR reversal in long time periods (see Section III B 2).
Data of the HDI and the TFR in 2005 and 2014 in Table II show a transient decrease of the TFR while the HDI increased in Norway, the Netherlands, the United States, Denmark, Spain, Luxembourg, Finland, Iceland and New Zealand. However, the TFR decrease differs from the predictions of Myrskylä et al [9] .
Differences of the HDI and TFR
Using a longitudinal analysis as Myrskylä et al [9] did, we have found that β pre < 0 and β post < 0, where β pre and β post are defined in [9] , i.e., no signature of the TFR reversal in the period of 2010-2014 is seen. The results are not statistically significant and thus are not included in this report.
Raw data [21, 22] are arranged in time series of the HDI j,t and the TFR j,t , where j is a country index and t is index of the year in 2010-2014. We define the following sequences:
where ∆TFR i is a difference of the TFR, ∆HDI i is a difference of the HDI, and HDI i is an average value of the endpoints of the interval ∆HDI i . Two-dimensional (2D) distributions of ∆TFR i vs ∆HDI i are plotted as contour plots and projections ( Figure 2 ). The TFR, HDI and their differences ∆TFR i and ∆HDI i are not correlated, thus the plots of the differences provide initial information about system dynamics. The projections of ∆TFR i and ∆HDI i (see Figure 2 ) are asymmetric distributions, and distributions of ∆HDI i show long tails in one direction. The average of ∆HDI i is positive and the average of ∆TFR i is negative in all cases ( Figure 2 ). The average of ∆TFR i ( Figure 2 ) shows a tendency of absolute value decrease if the HDI i increases. For example, compare Figure 2a and Figure 2c , where ∆HDI i < 0.7 and 0.85 < ∆HDI i < 1.
The differences ∆TFR i and ∆HDI i are not correlated ( Figure 2 ). This is one of the reasons to introduce a new sequence of differences, ∆TFR k = ∆TFR i B, where B = 1 if HDI i > HDI C , otherwise B = 0. We have used differences ∆TFR k to compute the average:
The average ∆TFR k defined in Eq. 2 indicates an effect of small changes of the TFR, i.e ∆TFR k , and the critical value of the HDI, i.e. HDI C , on the TFR.
We have analysed the time series of the TFR in 2010-2014 using the differences ∆TFR k and the measure ∆TFR k (Eq. 2). The results are shown in Figure 3 , where the absolute value of the average | ∆TFR k | decreases if HDI C increases up to the HDI C ≈ 0.74, then the graph shows a complex dependence of ∆TFR k on the critical HDI C , i.e., positive and negative effects of differences ∆TFR k on the TFR. In the case of the TFR reversal which was found by Myrskylä et al [9] , the function ∆TFR k is an increasing function of the HDI C for HDI C > 0.85 and ∆TFR k is greater than null for HDI C > 0.85, i.e., ∆TFR k > 0.
B. A reversal of the TFR in medium developed countries with 0.58 < HDI < 0.85
Dynamics of the TFR changes
The time series in Figure 4 show that in certain time periods derivatives of TFR with respect to the time t, 
Correlation of differences ∆HDIL and ∆TFRL
Myrskylä [9] introduced a reference year as a year when the TFR is minimal. In Figure 5 , time series of the TFR for years following the respective reference year are shown. Two trends can be seen in Figure 5a , namely, a modest increase in Vietnam (VN) and Albania (AL), and in Figure 5b ) in the Russian Federation (RU), Slovakia (SK) and Ukraine (UA). Abrupt increase is shown for Belarus (BY) in Figure 5a and for Kazakhstan (KZ) in Figure 5b ). We define differences of the TFR and HDI as ∆TFR L = TFR t − TFR r and ∆HDI L = HDI t − HDI r , where t is a year (t = 2014), and r is the reference year. The reference year, HDI r , HDI t , ∆HDI L , and ∆TFR L are summarised in Table III . Table III shows countries (Country), country codes (Code), reference years (Year) [9] , HDI r indices in reference years r, HDI t indices in year t = 2014, and corresponding changes of the HDI and TFR indices in years t and r, ∆HDI L and ∆TFR L .
The differences ∆HDI L and ∆TFR L are correlated (Figure 6 ), where Speraman's rank coefficient is ρ = 0.403, (P = 0.004), and regression line is
IV. DISCUSSION
The TFR began to decline in the United States in 2007, in Norway in 2009, and in Sweden in 2010 [21] , and the HDI simultaneously increased in these highly developed countries, as seen in Table II , which is an opposite trend to an expected increase of the TFR [9] . We associate this transient declining of the TFR in highly developed countries with the financial crisis of 2008. (Table III) Table 3 . Spearman's rank coefficient for these data is ρ = 0.403, (P = 0.004) and the regression line shown is given by Eq. 3.
Correlations between the TFR and the HDI are important requirements to make clear conclusions about an impact of increase of the HDI on the TFR. In 2005, a new correlation interval, 0.7 ≤ HDI ≤ 1.0 (Table I) , with the rank correlation coefficient ρ < 0 emerged, and it persisted until 2014. However, Myrskylä et al [9] have not reported on this interval. Existence of this new correlation interval was the first indication for us that the relationship between the HDI and the TFR could be more complex than claimed in Ref. [9] .
We have analysed short time series of the TFR and the HDI (2010-2014) in the intervals HDI i < 0.85, 0.7 ≤ HDI i ≤ 1.0 and HDI i > 0.85, and the results (Table I) were compared with the relation between the average ∆TFR k and HDI C shown in Figure 3 , i.e., the HDI and the the TFR are not correlated for HDI > 0.85 due to an existence of both increasing and decreasing tendencies of the TFR in this interval when the HDI increases (Figure 3) .
The rank coefficients (Table I ) and the relation ∆TFR k versus HDI C (Figure 3 ) support the empirical finding that the TFR decreases if the HDI increases, but a decrease of the TFR for HDI > 0.74 is lower than for HDI < 0.74.
Myrskylä et al [9] found the TFR reversal at the critical value HDI C = 0.85 in 2005. We found a transition from correlated to uncorrelated relations between the TFR and the HDI in 2010-2014 in the vicinity of this critical point, 0.7 ≤ HDI ≤ 0.85 and HDI ≥ 0.85 (Table I) . These results of correlation analysis are supported by the measure ∆TFR k vs HDI C (Figure 3) , where we can see the changes of the measure ∆TFR k at HDI C = 0.82 and HDI C = 0.87.
We have found a new critical point HDI CF = 0.74 in Figure 3 and in Table I that could be associated with a transition of the TFR below the safe replacement level TFR = 2.1. Societies below the safe replacement level are in danger of extinction [13] . They have reached a new regime in which a rich spectrum of behaviours of the TFR could emerge, for example, the TFR will decline [1, 18] , increase [9] or be a random value, i.e., there can be uncorrelated relation between the HDI and the TFR. Knowledge of the critical value of the HDI where the transition to below TFR = 2.1 takes place could be important, however, more studies are needed to confirm this critical value.
A temporal nature of the TFR reversal in highly developed countries is supported by time series of the TFR in these countries [21] , our analyses of correlations of the TFR and the HDI (Table I) , and statistical properties of differences of the TFR and the HDI (Figures 2 and 3) .
The HDI and the TFR until 2009 show that a reversal in the HDI-TFR relationship is robust neither to the revision of HDI calculation method nor to the decomposition of the HDI into its subindices of education, health and living standard [23] ; there is also also very little support for a simple interpretation that fertility rates will automatically start to increase beyond a certain level of development.
The HDI and the TFR until 2014 (Section III) confirm the existence of turning points of the TFR reversal not only for highly developed countries, as Myskylä el al. found [9] , but also for medium developed counties with 0.575 < HDI < 0.85 (see Table III ). These results show that it is difficult to determine a single and universal transition value of the HDI C where the fertility rate reversal takes place, and the relationship between the HDI and the TFR below the safe replacement level TFR = 2.1 is more complex than was earlier reported [9] .
The previous conclusions [9] that the TFR shows a reversal in highly developed countries was confirmed only for data before the beginning of the financial crisis in 2008 [24, 25] , when economies worked well and unemployment rates were low [26] . The influences of economic crises on fertility trends in the developed world were systematically investigated in [26] , the authors demonstrated the relationship between unemployment rate and total births (not the the TFR) in the case of Latvia (see Figure 2 in [26] ). The authors [9, 25] considered a tempo effect [26] as a major effect that distorts the TFR, and they [26] explain a rise in the European fertility as disappearance of the tempo effect and socio-economic progress [9] . However, they [9, [24] [25] [26] neglected the effect of continuous immigration [8] that takes place during a long time from a periphery to the core [17] , and different economic regulations [17] that result in different TFR trends in, for example, USA, UK and Germany (Figure 4 ) [17] .
In the previous work [17] we proposed a hypothesis that a long-term low TFR < 1.5 is an unwanted state of a complex system, which is a state that could be a consequence of economic regulations to achieve sustained economic growth and low unemployment. The development of the TFR during an integration of Slovakia into the European Union and Eurozone (Figure 4a , in 2000-2009) can serve as an example. Time series in the Czech Republic [24, 26] and Slovakia (Figure 4a ) demonstrate different trends of the TFR before and after integration of the Slovak republic into Eurozone. During the period of 2004-2009, the Slovak national government regulated the society to fulfill criteria of the Exchange Rate Mechanism. The TFR in Slovakia was lower than in the Czech Republic: the TFR in the Czech republic was the first time in history higher than in Slovakia (Figure 4a ). We note that Czechs and Slovaks separated in 1993. Governments outside the Eurozone have much more freedom to influence their local economies and social status in the society, for example, in Sweden, Norway, UK, USA and Russia (Figure 5b ). For more examples, see Figure 4 in [25] .
Sobotka et al [26] consider recessions in the 1970s and economic shocks in Central and Eastern Europe after 1989 as different events. It is true that development in Central and Eastern Europe has some specific features [26] , however we believe that their impacts on the TFR decline are consequences of common reasons. We consider the TFR decline in the 1970s and 1990s as a response of a complex dynamical system [17] to new economic regulations, i.e. transition from the state of the safe TFR > 2.1 to the state with TFR < 1.5. The financial crisis in 2008 was specific because the transition took place in a different regime, i.e., many nations had TFR below the safe TFR, and new economic and political tools were used to achieve global economic growth. The derivatives dT F R dt (see Figure 4) provide details about the nature of the TFR decay during the transition, as well as details about the background dynamics of the TFR.
The correlation of differences ∆HDI L and ∆TFR L shown in Figure 6 is a new finding that provides an important information about a long-term dynamics of the TFR after the TFR reversal. An increase of the TFR is proportional to a change of the HDI, i.e., after the TFR reversal, it appears to be important to keep a certain economic and social progress to increase the TFR in the long term. This conclusion is valid for many countries with different level of development HDI r > 0.575 (see Table III ). However, it is not possible to increase the HDI infinitely, thus, in the global economy, migration from the peripheries to the core could be one, however only a temporal, solution to keep constant or growing population in the core. The main question is how sustainable such systems are. We assume that a systematic study of the correlation between ∆HDI L and ∆TFR L and limits of the HDI increase after the turning point could have a big impact on social and economic changes in societies.
The low TFR and population decline are serious issues in the current economy, which is based on the growth of annual production. In this model the global annual production, which is affected by the global consumption, needs to increase continuously. An increase of consumption can be achieved by increasing the number of consumers (population growth) or by increasing the individual consumption, however, both solutions have real limits. Governments can control migration [8] , support families [18, 27] , and support economies oriented on aging population [28, 29] to guarantee a continuous economic growth. The methods preferred by governments depend on economic optimizations that vary from country to country. The long-term impacts of such actions on the TFR and population size are difficult to predict [5, 8] due to the complexity of these systems.
We also believe that it could be useful to consider evolutionary principles [3, 12, 15] to better understand the nature of the TFR.
The empirical relation between the TFR and the HDI [3, 9] and its universality in developing countries with HDI < 0.74 (see Figure 1 and Table I ) could lead to a new strategy of international organizations to increase the HDI in these countries. Current strategies are focused only on two items of the HDI: better education of girls [6, 7] and higher quality of health care (prevention of HIV and other diseases). It is also necessary to enhance the third dimension of the HDI, namely, improve living standards (see definition of the HDI [22] ).
We assume that societies in medium developed (0.6 < HDI < 0.85) and highly developed (HDI > 0.85) countries should be more active in searching for new economic and social models that will stimulate self-regulation of the TFR [3] around the safe replacement level [17] .
We assume that in the global world not only the level of the HDI is important, but also economic, political, and social changes that can significantly influence the individual choices of women to accept offspring [17] . We think that the temporary break of the TFR reversal in 2010-2014 is a consequence of the financial crisis in 2007-2008 and the following economic and political actions. However, it is difficult to forecast the TFR trends.
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